Introduction
Let X and Y be two topological spaces. We say that functions f, g : X → Y are equivalent if there is a bijection ϕ from X onto itself such that g • ϕ = f . It is straightforward that f and They also asked if there is a similar characterization of functions equivalent to Borel measurable ones. We give an answer to this question under additional assumption of Analytic Determinacy (Corollary 9).
Notation
All considered spaces are separable and metrizable. The Baire space N is defined as the infinite countable product of N, equipped with the Tychonoff topology. Let X be a Polish space.
A set A ⊂ X is analytic if it is a continuous image of N . C is coanalytic if its complement X \ C is analytic. The families of analytic sets and coanalytic sets are closed under countable unions and intersections. The Souslin theorem ( [2] , 14.11) asserts that every set which is both analytic and coanalytic is Borel. Every uncountable analytic set contains a copy of the Cantor set ( [2] , 29.1).
Given a subset A ⊂ X × Y we define A x = {y ∈ Y : (x, y) ∈ A}, A y = {x ∈ X : (x, y) ∈ A}. 
Proof. Obviously B(0) is coanalytic. The Lusin theorem gives that B(1) is coanalytic. Let
the set B(n) is coanalytic.
Consider now the case n = ℵ 0 . Let f : F → B be a continuous bijection defined on a closed
that G is closed and in particular all vertical sections of G are closed. Since |B x | = |G x | for all x ∈ X, we may assume that B x is closed for every x ∈ X (we may replace B with G).
The section B x has infinitely many isolated points iff
Hence lemma follows from the observation:
x ∈ B(ℵ 0 ) ⇔ B x is countable and it has infinitely many isolated points,
Theorem 29.19).
Complete pairs of disjoint coanalytic sets
In this section we deal with pairs of disjoint coanalytic sets. For short we call them just pairs.
Following Louveau, Saint-Raymond (see [7] ) we introduce a notion of a reduction of pairs and a notion of a complete pair (a complete pair is called in [7] une pair reductrice pour Γ). We also show, assuming Analytic Determinacy, that (W F, UB) is complete. We do not know if it is possible to avoid this assumption. We say that r is a reduction of (A, B) to (C, D).
A pair (C, D) in a Polish space Y is complete (see [7] , a definition before Let us notice, that if (C, D) is a complete pair then both C and D are coanalytic complete sets (see [2] , 22.9). Since there exists a pair of Borel inseparable coanalytic sets, the sets C and D are also Borel inseparable.
We will prove that there exists a complete pair of coanalytic sets (see [2] , 22.15, for a use of the argument in a different context). We fix a universal set U ⊂ N × N for the coanalytic subsets of N and define Description of an auxiliary game. Let A, B, C, D be subsets of the Baire space. In the beginning of the game, Player I chooses a natural number x 0 and Player II responds with a natural number y 0 . Subsequently, they choose some natural numbers x 1 , y 1 , x 2 , y 2 . . .
The Player II wins if the two following conditions hold:
In the other case Player I wins. A similar game was considered by Van Wesep in [10] . A proof of the lemma is contained in the last fourteen lines of the proof of Theorem 1 in [10] ;
Lemma 3. Let us assume that
for the reader's convenience we include here van Wesep's argumentation.
Proof. Let us assume that Player I has a winning strategy F . The strategy F is a map defined on all finite sequences of the natural numbers with values in the same set. Namely, 
is a sequence of the length n + 1). The concept of monotone map and the method of defining continuous function responding to the map is the subject of Proposition 2.6 in [2] . The function f has the property that for all y ∈ N at least one of the conditions is satisfied:
. Firstly, let us notice that the sets C 0 and D 0 are coanalytic. We will prove that C 0 ∪ D 0 = N . On the contrary, let us suppose that there exists a point y ∈ N \ (C 0 ∪ D 0 ). We assume that condition (1) is satisfied. Since y ∈ C we have f (y) ∈ A and consequently y ∈ D 0 . It is a contradiction, since y ∈ N \ (C 0 ∪ D 0 ). In the case when condition (2) holds, a reasoning is similar.
Secondly, we will prove that C 0 and D 0 are disjoint. On the contrary, let us suppose that
there are two cases:
. In the first case, condition (1) implies f (y) ∈ A and
impossible, because C and D are disjoint. In the second case f (y) ∈ B and due to the fact that A and B are disjoint, we have y ∈ f −1 [A] . According to condition (1) this implies that y ∈ C and we can refer to the first case. A similar reasoning shows a contradiction when condition (2) holds.
Corollary 4 (Analytic Determinacy). If C, D ⊂ N cannot be separated by a Borel set, then
Proof. We fix a pair A, B of coanalytic and disjoint subsets of the Baire space. According to Lemma 3 there is no winning strategy for Player I in the auxiliary game described above. Due to Analytic Determinacy the game is determined and there exists a strategy F for Player II.
The strategy defines the function f : N → N by the formula f (x)(n) = F (x|(n + 1))(n).
Due to the formulation of the winning conditions for Player II in the game, the function f has the property indicated in the statement of the Corollary.
Proof of Proposition 2. Let A, B be two coanalytic disjoint subsets of N and let g be a continuous bijection of N onto X (Ex. 7.15 in [2] ). Let Furthermore, we will prove that the function might be of the Baire first class. To prove Theorem 7 we need the following: (B n ) y contains exactly one element}, n = 0, 1, 2, . . .
Lemma 8 (Analytic Determinacy). If B(0) and B(1) are two disjoint coanalytic subsets of a Polish space Y then there exists a Borel set B ⊂ N × Y such that B(0) ⊂ {y ∈ Y : B
The set B is uncountable and has all the requested properties. 
Proof. Let φ be a bijection of the Baire first class between X and the graph of f (see [6] , Note that in ZFC + Analytic Determinacy the corollary gives a full answer to the Morayne's and Ryll-Nardzewski's question.
Functions equivalent to bimeasurable or continuous ones

Let X, Y be Polish spaces. A function f : X → Y is bimeasurable if it is Borel and f [B] is
Borel for every B ∈ B(X). In the previous section, for a given function f : X → Y we described conditions which guarantee, under assumption of Analytic Determinacy, that it is equivalent to a Borel measurable one. We may consider a more general problem of characterization of those functions, which are equivalent to a function from a given class. In this section we are interested in for two classes of functions:
• in Theorem 12 are indicated conditions, which ensure that f : X → Y is equivalent to a bimeasurable function; in Proposition 13 we consider a notion of Borel equivalence of functions and prove that it is connected with the notion of bimeasurability, • in Theorem 15 we assume that X = N and formulate conditions which are necessary and sufficient for f to be equivalent to a continuous function.
Before the first of the above mentioned characterizations we recall For a fixed spaces Y , X and a subset F ⊂ Y × X, we call a Borel function u :
as well. 
Let n ≤ ℵ 0 . For every y ∈ F (n) the horizontal section F y is of cardinality n. Proof. There exists F , a closed subset of N , and a continuous bijection f :
13.7). Let E ⊂ F be an infinite countable set, such that F \ E is perfect (cf. [2] , Theorem 6.4).
The set f [E] is countable; we fix an enumeration
Claim. There exist pairwise disjoint copies of the Cantor set C i ⊂ B (i ∈ N), such that for
Proof of the Claim. We will construct the sets by induction. Assume that C 0 , C 1 , . . . , C i−1 already defined. We construct the set
D n , a copy of the Cantor set (n ∈ N). We may assume that every D n is a nowhere dense subset of F \ E. We define
This finishes the proof of the Claim.
The space X = F \ i∈N f −1 [C i ] is Polish and, by the Baire Category Theorem, it is perfect. 
